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A linear system of the form A� EQ �x = 0 is called homogeneous.  To determine if x is a solution for a homogeneous system, we need to understand a few properties of homogeneous systems. 


1) All homogenous systems are consistent, or in other words, there is at least one solution to the equation A� EQ �x = 0.  One solution for this system is x = 0.


2) A homogenous system with fewer equations than unknowns has an infinite number of solutions (Fact 1.3.3 in Bretscher).


3) If x1 and x2 are solutions of the homogeneous system Ax = 0, then x1 + x2 is a solution as well.  This is proven by using Fact 1.3.7a (Bretscher) that Ax1 = 0 and Ax2 = 0.  Therefore, A(x1 + x2) = Ax1 + Ax2 = 0 + 0 = 0.


4) If x is a solution of the homogenous system Ax = 0, and k is an arbitrary constant, then kx is a solution as well.  Using fact 1.3.7b (Bretscher) we find that A(kx) = k(Ax) = k0 = 0.


(Linear Algebra Solution Manual pg. 36)


There are also a few properties of linear transformations that we need to know to determine if x is a solution for the homogeneous system.


Fact 2.2.1: a transformation T from Rn to Rm is linear if (and only if) 


T(v) + T(w) = T(v + w) for all v, w in Rn 


T(kv) = kT(v), for all v in Rn and all scalars k. (Bretscher).





Part A


Let’s consider the homogeneous system of equations of the form Ax = 0, and a corresponding nonhomogeneous linear system of equations of the form Ax = b, where b is not the zero vector.  If x1 is a known solution of the nonhomogeneous system (Ax1 = b) and xh is a known solution of the homogeneous system (Axh = 0), we can use matrix multiplication to show that x1 + xh is a solution of the nonhomogeneous system.  That is we to show that A(x1 + xh) = b.  Using Fact 2.2.1, we have A(x1 + xh) = Ax1 + Axh = b + 0 = b. (Linear Algebra Solution Manual pg. 36)  Therefore, any solution of a nonhomogeneous system (x1) added to a solution of a homogenous system (xh) will be a solution to a nonhomogeneous system of equations.    





Part B


The difference of any two solutions, say x1 and x2, of the nonhomogeneous system is a solution to the homogeneous system.  We can use Fact 2.2.1 again to show that 


A(x2 - x1) = Ax2 - Ax1 = b - b = 0.  Thus, x2 - x1 is a solution to the homogeneous system.   (Linear Algebra Solution Manual pg. 36)   Recalling that xh is a solution to the homogeneous system Axh = 0, then we find that Axh = A(x2 - x1) = 0.  We have now proven that if two solutions (x1, x2) to a nonhomogeneous system of equations are subtracted from each other, their difference (x2 - x1) is a solution to a homogeneous system of equations.  





Part C


The solution x1 is a known solution to the nonhomogeneous system (Ax = b) and let x2 be some arbitrary solution to the nonhomogeneous system (Ax = b).  There must be a solution of the homogenous system so that xh = x2  - x1 (part B).  The solution x2 can then be expressed as x2 = x1 + xh.  Since x1 is a known solution of Ax = b, every solution of 


Ax = b looks like x1 + xh.  If x2 is any solution of Ax = b, then x2 = x1 + xh where 


xh = x2  - x1 solves Ax = 0.  We now have  Ax2 = Ax1 + Axh = b + 0 = b.  Thus, a solution (x2) to the nonhomogeneous system can be expressed as the sum of a known solution to the nonhomogeneous system and a solution to a homogeneous system (x1 + xh).





This can be demonstrated geometrically in R2 where the dim(Ker(A)) = 1.  The vectors of the form x1 + xh are those whose tip is on the line L sketched below.  The line L runs through the tip of x1 and is parallel to the given line consisting of all solution to Ax = 0.  (Linear Algebra Solutions Manual)
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L: solutions of Ax = b





solutions of Ax = 0











